INTEGRALES. CALCULO DE PRIMITIVAS. Matemdticas Ty IT

ITINTEGRALES EN
FORMA POTENCIAL

Int-1 a) f(zx2 —2x+3)dx

)f2+3x d)f(3x 5) (x<1)ds

e)f6x-(3x —7)4dx f)fx-\/x +1dx
3-5x 3x
h d
o (15 o i Nenrts
i) fsen x*Cos x dx j) (tgx-sec’ xdx
x+f x
d
o [+ D[, —
m f 1+1nx n)f,/(1+cosx)3-senxdx
lnx 3x
—d d
O)f X p)fm X
o]
q)f T dx

Solucion:

a)f(%f—2x+3)dx=%x3—x2+3x+k

2

b)f dx—f f/dx—fx dx - fxdx=———+k————? +k
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2+ 3x7 2 X x? x?
= [=dv+3[—=dx=2x"dx+3[x dx=2"—+3"—=

Of B SR g A3t =235
=4\/;+g\/x5+k

d) f(

3 2
3x-5 ( )dx=f3x S5x 3x+5dx=l 3i_5i_3i+5x k
2 21 4 3 2

e)f6X'(3x2 —7)4 dx =f%)/c'(l34)1622_473)4 dx =%-(3x2 —7)5 +k
1 (x2 +1)3/2

I3 L) e L 1.
f)fx x+1dx—2f%),c (1)25-1 dx—2 32 U

W2

=% (x2+1)3 +k

g)f(3—25x) dx = f‘ (3-5x) dx== —f({s (125@61 — 3_5’“)+k=
1
160

———(3-5x)" +k

h)f\/%dx=3fx-(x - )I/de——lex )1/2 =Z 7 ( 2—2)1/2+k=
=3Jx*-2+k

3
i)fsenzx-cosxdx =f(lse2n§c)2 -C{)s,xdx SN Xk

j)ftgx-seczxdx =f%x-s{jxdx=%tg2x+k

v

12
dx =f§dx+f£dx=f§dx+fx’l/2dx=ln|x|+)1€/—2=1n|x|+2\/;+k

k)f

l)fmdx fx (4 2 1/2dx——— f({2 1/2dx=_§_\x_(4_xz)l/2+k=
1/2
=—\/H+k
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(1+lnx 1+lnx)

+k

) f>f b -

5/2

n)f1/1+cosx senxdx-f&1+c?sic% S{nxdx—m k=§ (1+cosx)5+k
2

Inx

O)I—dx—f ]{xdx——lnx) +k

3x -
p)fmdx=f3x'(l+7x2) 14f]{1x 1+7x dx=ﬁ-1/—2+k=

_ 8 7wk
14

(1+\/;)2

0 dx=ff (1+I) dx = 2fL-(114+@2dx=§-(114+2@3+k

CRACE l+x+ 2«/_

————— = L+ X+ x=x—+x—+ X+k=
f Jx d‘f(\/; 2)d /2 3/2 ek
=2x/;+2\/)7

+2x+k
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INTEGRALES
LOGARITMICAS

x-1 e
Int-2 a) [——dx b dx
)fx2—2x+1 )f1+ex
2x-3 !
. dx dx
)fx+2 f)fx-lnx
X++/x !
- h ([—— dx
g)f 2 )fsenx-cosx
x-1 1. 2x-2 !
a)[———dr=—[——"dr=—In(x"-2x+1)+k
)fx2—2x+l 2fx2—2x+1 2 ( )
eX

b)f1+ex dx=ln(l+e")+k

COS X

c)fcotgxdx=f dx =In(senx)+k

sen x

Sen x + cos x
d)f—dx=1n(senx—cosx)+k
Sen x — cos x

2x -3

e)f)H_2 dx={DiVidimos} =f(2— !

x+2

)dx=2fdx—7f(x+2)dx=2x—71n(x+2)+k

1 1
f)fx-lnxdx=f ~—dx=In(Inx)+k

]{1x

1/u

=R |>—n
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-1/2
~ tk=lnlx|-—=+k

BT e

X X

x+x/;dx=f(l \/;

g)f = —+—2)dx=f§dx+fx'3/2dx=ln|x|+

1 sen’ x +cos’ x sen” x cos? x

hy[— v = [ P (—— T+ [———dx =
)fSGHX'COSX * f S€Nn x - CoS X * f/S%f()C'COSX * fsenx-peﬁ *

sen x COS X

=f dx+f dx=—1n|cosx|+1n|senx|+k=1n Senx
COS X sen x

+k

COS X
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INTEGRALES
TRIGONOMETRICAS

X sen 2x + cos x
Int-3 1- — b) (== " P2
nt-3  a) f( cosz)dx )f - dx
c) fx-cos(x2+1)dx d) fex~senexdx
e) f3sec2(x+7r)dx ﬂftgzxdx
fl—coszxdx h) f1+senxdx
sen 2x I-senx
. ~Senx . X
i) fcossxdx i) fcos xdx
k) fsenzxdx ) fcos3xdx
m) fcos“xdx n) fsen(Zx)~cosxdx
Solucion:

a)f(l—cosg)dx =fdx’ —2fécos§dx=x—25€ng+k

u' cosu
sen 2x + cos x 2sen x-cosx + CoS x
b)f—dx=f dx=f(2senx+1)dx=—200sx+x+k
cos X CcoS X

c)fx-cos(x2 +1)dx = %f%)f.%oi(%zjé)dx = %sen(x2 + 1)+k

cosu

d)fex -sene’ dx=—-cose" +k
e)f3sec2 (x+m)dx=3tg(x+x)+k

i)ftgzxdx=f(1+tg2x—1)dx=f(1+tg2x)dx—fdx=tgx—x+k
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1-cos’*x sen” x 1 .senx 1 .—senx 1
— k= [——dx=— dx=—— dcx=—-—In(cosx)+k
g)f sen 2x f2m-cosx 2fcosx 2J cosx 2 ( )
1+sen x (1+senx)’ l+sen®x+2seny O 4748
h)f—dx =f X =f : dx
1-senx (1—senx)-(1+senx) 1-sen” x
sen’ x +cos’ x +sen’ x + 2sen x 2sen’ x sen x
= dx = dx+ [dx+2 dx =
f cos’ x f cos” x f fcosz X

=2ftg2xdx+fdx+2fsenx-cos'2xdx=2f(l+tg2x—l)dx+fdx+

+k

+2 x-cosixde=2(tgx-x)+x-2cos ' x+k=2tgx-x—
[ogne gy xde=2(igx) B

1
4cos’ x

sén x

i = . -5 : l » B
l)fc055xdx_fs{£x q0§_53xdx— 4cos X+k= Tk

cost=coszx—sen2x=cos2x—(1—coszx)=20052x—1 —

j) [cos® xdx = =
f — coszx=m=l+10052x
2 2 2
1 1 1 11 x 1
=[|=+—cos2x |dx=[=-dx+——[2- xdx=—+—sen2x+£k
{3+ geosrfar=fydve 5 [ aodnds=3og
del ejercicio
sen cos?® x=1 terior
k)fsenzxdx ==== f(l—coszx)dx=x—fcoszxdx === x—(§+isen2x+k)=

=§—%sen2x+k
l)fcosSxa’x =fcosx-coszxdx =fcosx-(1—sen2x)dx =fcosxa’x —fcgsx'sglzxdx=

1
=senx—§sen3x+k
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2 2 2 2 2
COS2Xx =c0S” x —sen” x = cos x—(l—cos x)=2005 x-1 —

1 =

m)fcos4 xdx =
+—C0S2Xx

_ Coszx_1+c032x_l

2 2
2

=f l+lcos2x dx=f l+10052x+lcos22x dx=£+lsen2x+flc0522xdx=
272 42 4 4 4 4

11
c0s? 2x=—+—C0s 4x

1/1 1 1 1
===== —+—sen2x+—f — 4+ —cosdx |dx =2+ —sen2x + > + —sendx +k =
4 4 4J12 2 4 4 8 32

= %x + lsen2x+isen4x+ k

n)fsen(Zx)-cosxdx =f2-senx-cosx-cosxdx=f2-senx-c052xdx=

=—2-f—Is§13x-({szxdx=—§cos3x+k
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INTEGRALES DE
FORMA ARCO

2 X

Int-4 a) f lx - dx b) f le = dx
-X —e
1 1
c d. d d
)f1+4x2 g )f9+x2 v
1 1
e d —d
)f4+5x2 * ﬂfx2+2x+2 *
x° x!
dx h dx
g)f1+x2 )fx2+1
) 1 ) x+3
1) [——=dx 1) dx
f\/4—3x2 f\/9—x2
1 1
k) [————d | d
)fx2+x+1 * )f4+7x2 *
Solucion:

2
de=%-arcsenx3 +k

a) x—26dx= x—zzdx=l- -
e S

'

u

1-1?

eX ex
b) [———dx=[———=dx=arcsene’ +k
f /1_62)5 f 1—(ex22
¥42,4
Vi—u?
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l -arctg2x + k

a2 g

1+u?

1/9 1 Ly 13

1 1
T (e e R T zx/ﬁ

= % arctg (x/3) + k&

1+u?

o g V4 1 1 _1_ 52
f4+5x f1+5/4x _4f (\/_/2x) 4 \/_ 1+4££/_/2)§l) -
I
=%'arctg(%)+k
= ! - 2_ 2 } _
f)fx2+2x+2dx_fx2+2x+1+1dx {(x+1) 2ol 54]3)
]+u
=arctg(x+1)+k
) X —l—injs 1- ! =|dx=[dx- ! dx =x-arctgx+k
O = f[ 1y = e = = = -
h) X dx—l:—mis x' -1+ ! dx—x—3—x+arct x+k
e ""( x2+1) 3 ¢
1 1 1 1 1 X JV3/2
i) [————dx = et g LA NSZ
N e T B
442 4 4

JBx
T arcsen( ) +k
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x+3 (

1/2
)f\/—dx f\/g_xdx+fﬂdx fx a’x+f\/17)cz/9

___f({2 :;/zdx+f ,—1 x2/9 ———f({l /2
| ———— " x+3 E
fz-,/l—(x/3)2 2f({2 43 ‘ fﬂh £ /3

1-u?

\2(9 -x )1/2 +3-arcsen (x/3) + k = —/9 - x* +3-arcsen (x/3) + k

-1/2
dx +

1
2

x+1/2 =x’+x+1/4 =f 12 e
x xel” Crx+l= x+1/2) +3/4] Y (x+1/2) +3/4
-/

3 [ (x+1/2)

1 ) 1 ) 1/4 1 J7/2 AN
'>fmdx-f—4.(1+7x2/4')d"‘f1+(m)2d’“‘zﬁf1+(ﬂ)2dx el o
2 2
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METODO DE
SUSTITUCION

Int-5 a) fsen“x-cosxdx b) fe“”dx c) fe"z'Sx-(2x—5)dx

X dx
d)fmdx e)ftgxdx f)f—(“x)'\/;

g) f 2°" - cos x dx dx

dx
h ) [————
)fcoszx-3/1+tgx 1)fx-\/l—lnx

) x° X
—dx k d D (Ve -1d
J)f\3/1+2x )1+\/x ) )f ¢ )
x+1 1
- —d
n fx +2x+7dx n)f\/x-(1+x) g

Solucién:
t= s
a)fsen4x-cosxdx= sent - l‘4dl=t—=lsen5x+k
dt =cosxdx 5 5
t=3x+1
b)fe3x+ldx= X =1f€tdt=let+k=l€3x+l+k
dt=3dx| 3 3 3

xz—Sx_ _ t=x2+5x _ t _ Lt _ X2 +5x
c)fe (2x_5)dx_{dt=(2x+5)dx}_fe dt=e +k=e"""+k
X t=x 12 1. dr 1] 1
d)fmdx {dt—2xdx} \/i ——fﬁ——arcsent—iarcsenx +k

dt

sen x I =Ccosx
e)ftgxdx _fcosx ={dt= —senxdx}= —f7= ~Int+k=-In(cosx)+k
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t=+/x
dx 245 dt 1
f)fm_ dt=ﬁdx _f(l_l_tz).)g—2f1+t2dt—2arctgt+k—2arctg\/;+k

cenx t=senx , 1 ., 2%
g)f2 cos xdx = 2'dt=—2"+k = +k
dt =cosxdx In2 In2

dx t=1+tgx | 3 3 >
h P dt=—+k==-3(1+tgx) +k
)fcos x-3l+tgx {dt—sec xdx} f\f f 2/3 2 (1+1gx)
i t=1-Inx it 2
. X -1/2
i) [——= (- ="t =——+k=-2Jt +k=-2JI-Inx +k
U ol PR ol vl | 12 g
x
£ -1
£=142x — x= 2 ; 4
? - 2 1" =2t* +t)dt =
j)f Y k= 2 =f -1 -l-idt=§f( * )
1 +2x 3¢ 2 ) 8

32 dt =2dx — dx—Td

8 5 2 8 5 2 6 3
=§ t__2i+t_ +k=§ L_i_{_i +k=§t2- t__2_t+l +k=
g\8& 5 2 g\ & 5 2 8 8 5 2

=§3(1+2x)2.[(1+2x)2 _2(1+2x)+l)+k
8 2

K) [—— dx = x=t VT S - EPUR L D
fl+\/; de=2edt| J1+t I f( 1+t)
3 2 3
=2[%—%+t 1n|1+t|]+k 2[£—£+\/_ ln(1+\/—)]+k

X' =1= — x'=1+¢ 5

v _ o, 2tdt t _
l)f\/e ~ldx= 2edt (= [t L 2ft2+1dt—

XPdx=2tdt — dx=

_2f( )dt— (t-arctgt)+k = 2(\/: arctg\/e_—)

u=x>+2x+7
x+1

1
mfx2+2x+7 T du=2x+2 — x+1——du 2f___ ——ln(x +2x+7) g
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2% 1
— N dr=2(——dt=2-arctgt +k =
1+¢° f 8

SR ey

1
 dx=
n)f\/;-(1+x) ) {2tdt=dx
=2-arctg(\/;)+k
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INTEGRALES
RACIONALES

4
o @ [ Tt
X +4x -10x+7 5x - 3
c d
)f X -Tx-6 )fx —x
2x+5 X’ =2x+6
e) f) [—————dx
fx+3 f (x—l)3
6x° —7x -5 +x*=5x+2 -5x+1
dx h —dx
g)f —2x7 4+ 2% = &2 )f x-4
5x+1 X+ 22X -12x+8
f dx J)f dx
2x+1 xt—4x?
4x +4x x! +2x 6
k dx 1 —dx
)f 4x + 8x )fx +x -2x
m dx n dx
)f -3x*+3x-1 )fx2—1

3x2

N et

Solucion:

2 2
a)fo"'ldx=f(x+1+l)dx=x—+x+lnx+k

X X X

Tx+4
b)/ = f—Zx 3 dx

-7x +4

3
3% +9x/2

Si grado numerador

= grado denominador — dividimos

2x-3
3x/2-5/4

/—5772/ +4
5xf2 -15/4

1/4
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- 4 1/4 4 1/4

3 -Tx+4 3x 5 1 f ~Tx+ de= 3x 5 U4
2x-3 2 4 2x-3 2x -3 2 4 2x-3
3x 5 dx 3x? Sx

= (dx-(=dx+ - |[[=—-—+= ln8x 12|+k

et s e 4 4 | |

X +4x* -10x+7
)/ = dx
) f X -Tx-6

Como grado numerador = grado denominador, hacemos la division y posteriormente

factorizamos el denominador para determinar el numero y el tipo de raices del mismo

)V +4x> -10x 7 | X —7x-6
—x

+7x +6 1
+4x* -3x +13
1 0 -7 -6
-1 -1 1 6
-1 -6]0

6

3
2 [0

4x* =3x+13 A B C
= + + =
X =Tx-6 x+1 x=-3 x+2
A(x=3)(x+2)+B-(x+1)-(x+2)+C-(x+1)-(x-3)
(x+1)-(x—3)-(x+2)

—

x=-1 - 20=-44 A=-5
— (x=3 — 40=208 — |B=2
x=-2 — 35=5C C=17

2
— ]=fl+w dx=f1+ > + 2 + ! dx —
x =7x-6 x+1 x-3 x+2

I=x—51n|x+l|+21n|x—3|+7ln|x+2|+k
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5x-3
d)1=fx3—xdx

Como grado numerador < grado denominador factorizamos el denominador:
5x-3 A4 B
¢ oxmxe (1) mxe(xa ) (x-1) - 224, B €

x-x x x+1 x-1
=0 — -3=-4 4=3
A-(x+1)-(x=1)+ Bx-(x=1)+ Cx-(x+1) | .
- ) T x=-1 - -8=2B — |B=-
xo(x+ x=1 — 2=2C C=1

5x-3 3 4 1
— J=d)]= dx=[—-—-—+—|dx —
) fx -X f(x x+1 x—l)

I=31n|x|—4ln|x+1|+ln|x—1|+k

2x+5

f(x+3)3

e)l = dx

Grado numerador < grado denominador, y como el denominador ya esta factorizado:

2x+5 4 N B .\ C _A'(x+3)2+B'(x+3)+C N
(re3) "oe3 (ea3] (03] (c+3)
(xz) i 0=A b A=O
- ((x) — 2=64+B - |B=2
TI. — 5=94+3B+C — [C=-1

I 1 S

=2_(x+3)_1_(x+3)_2+k —- |I= =2 + 1 ~+k
-1 -2 x+3 2-(x+3)

X’ =2x+6

f)f—(x—l)3 dx

Grado numerador < grado denominador, y como el denominador ya esta factorizado:
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X’ -2x+6 A B C  A(x-1)+B-(x-1)+C

+ = —

(em1) 1 (x-1) (x-1) (x-1)

T.1 6=A-B+C — =
2x+5 1 5 1 R
I=[——Sdv=[|—+——= |de=[|—+5:(x-1)" |dx =
f(x+3)3 ! f(x—l+(x_1)3] xf[x—1+ (x ) ] o

-2
=mh—H+5l£:Q—+k — 1=mp-u-——$1—7+k
-2 2-(x-1)

dx

6x° =T7x" =5 +x* =5x+2
@I=f

X0 =2x" +2x° - X2

Como grado numerador < grado denominador, solo tenemosque factorizar éste. Para ello

saco X como factor comun y luego hago Rufinni.

X0 =2x° +2x° = &7 =x2-(x4—2x3+2x—1)=x2-(x—1)3-(x+1)

1 2 0 2 -1
1 1 -1 -1 1

1 -1 -1 1[0

1 1 0 -1
1 0 -1[0
1 11
110
6x" — 7ﬁ 5¢+x’-5x+2 A4 B . C D E F_
—2x° +2x° = x? (x 1) ( )2 (x—1)3 (x+1) X

=A-x2-(x+1)'( ) +B-x*- (x+1) (x 1)+C by '(x+1)+D-x2-(x—1)3
X (x 1) (x+1)
E-x-(x+1)-(x—1) +F'(x+1)-(x—1)3

+ —

xz-(x—l)3'(x+1)
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x=1 — -8=2C = C=-4
x=-1 — 0=-8D — D=0
x=0 — 2=-F —— F=-2
| (x) = -5=-E — E=5
(x') = -7=-4+B-3D-2E+F T=cbebe0-10-2 B=6
(x) = 6=4+D+E 212015 A=1
6x°-7x'-5x'+x'-5x+2 1 6 4 5 2
x°=2x" +2x° - x° x-1 (x_l)z (x—1)3 x X

6x° —7x* =5x° +x* =5x+2 dx
_>f 6 5 3 2 dx=f
x' =2x +2x -x x-1

dx dx dx dx
ooy ey A T

— I=1n|x—l|—i1+( 1)2+51n|x|+z+k
X = X - X

Ha desaparecido la fraccion correspondiente a la raiz x = —1 porque también existia
en el numerador. Si nos hubiesemos dado cuenta a tiempo podriamos haber
simplificado previamente la fraccion por x +1

3x% =5x+1
h)y/=[—"—dx
) f x-4

Como grado numerador > grado denominador, dividimos:

}WZ/ -5x +1 |x—4
377 +12x 3x+7
x4l
7x 428
+29
2 2
3x —5x+1=3x+7+ 28 . f3x _5x+1dx=f(3x+7+ 29 )dx _
x-4 X - x-4 xX-

2
— I=%+7x+29ln|x—4|+k
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o p3xt =5x+1
(NS I

Como grado numerador = grado denominador, dividimos:

3 S5x 4l | 2x+1
/’3{2/ _%x %x_l%
1 1
j/} o,

7
3x7 =5x+1 A -5x+1 7
— =¥ x-13+ —dx Yx-%+——"—|dx=
2x+1 X =i 2x+1 = 2x+1 f(A ) 2x+1)
=§ 2_2 dx 3x2 13x 171 2 b
47 47 adoxst 47 474 2d 2t
1 1 3 13 17
I=§x2——3x+—7 ln|2x+1| I=—x2——x+—-1n|2x+1|+k
47 4 47 478
3 2
X +22x" -12x+8
i dx
J)f x*t —4x°

Como grado numerador < grado denominador, factorizamos el denominador:
xt—4x’ = x7 '(x2 —4)=x2-(x—2)-(x+2) —

X +22x2 —12x+8 é B+ C N D B
x* —4x? x x2 x=-2 x+2

_ Ax-(x=2)-(x+2)+B-(x=2)-(x+2)+ Cx* - (x+2)+ Dx* - (x - 2) .

xz-(x—2)-(x+2)

x=2 — 80=16C — C=5
x=-2 - 112=-16D  — D=_7
x=0 — 8=-4B — B=-2
(»') — 1=4+C+D I=de57 A=3

S +22x7 -12 2
fx + 4x 2x+8dx=f E——2+ 5 _ 7 I —
x —4x x x° x=-2 x+2

— 1=31n|x|+3+51n|x—2|—71n|x+2|+k
X
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X’ —4x” +4x

Kk dx
)fx4 —2x’ —4x* +8x

Como grado numerador < grado denominador, factorizamos el denominador:

x4—2x3—4x2+8x=x-(x3—2x2—4x+8)=x-(x—2)-(x2—4)=x-(x—2)2'(x+2)

1 2 -4 8 |
2 2 0 -8
1 0 410
X’ —4x* +4x A B C D
4 3 2 =_+ + 7t =
x'=2x"-4x"+8x x x-2 (x—Z) xX+2

A-(x—2)2-(x+2)+Bx-(x—2)-(x+2)+Cx-(x+2)+Dx-(x—2)2
x-(x—2)2-(x+2)

—

x=0 — 0=84 — A=0
x=-2 — -32=-32D — D=1
~ \x=2 - 0=8C — C=0
(»') — 1=4+B+D 1=0:B:1_, B _)

X —4x’ +4x 1

dx — ]=ln|x+2|+k

fx4—2x3—4x2+8x x=fx+2

Pero también podiamos haber llegado a la conclusion mas facilmente si nos
hubiesemos parado a factorizar el numerador previamente:

x3—4x2+4x=x-(x2—4x+4)=x-(x+2)-(x—2) —

. X —4x* +4x _ /{M _ 1 T 1 d —>
Xt —2x° —4x? +8x X.M.()H_z) x+2 fx+2

I=In|x+2|+k
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x*+2x-6
Ve

Como grado numerador > grado denominador, dividimos:

/ +2x -6 | X +xt=2x
2 —x

x-1

3x2 _ 6 Factoriz_amos
I=f(x—l+ T, 2, )dx ¢l denominador x3+x2—2x=x'(x—l)-(x+2)
X +x"=2x

—

3x*-6 _é+ B C  A(x-1)(x+2)+Bx-(x+2)+Cx-(x-1)
x

X +x*=2x x—1+x+2= x'(x—l)‘(x+2)

x=0 — -6=-24— |d4=3
— x=1 — —3=3B — B=_1
x=-2 = 6=6C - |C=I

2
I=f(x—1+§—L+ ! dx — I=x——x+3-ln|x|—ln|x—l|+1n|x+2|+k
x x-1 x+2 2

5x*
m)/ = dx
) fx3—3x2+3x—1

Como grado numerador < grado denominador, factorizamos el denominador:

1 -3 3 -1][0

1 1 -2 1
1 2 1 \L — x3—3x2+3x—1=(x—1)3
1 1 -1

110

5x° 4 B __C _A-(x-1) +B-(x-1)+C
=3 43x-1 x-1 (x-1) (x-1) (x-1Y
x=1 — 5=C - [4=5
- ((x*) - 5-4 ~ |[B=10
Tl — 0=4-B+C — |C=3
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5 10 5 2 3
I=fx—1+(x—l)2+(x 1) dx = 5f—dx+10 (x-1) dx+5f(x—1) dx —
a4 5 2 10 5
> Selnfe=1]=10-(x=1)" =2 (x = S |r=5mfro1|-—- - k
5-Infx-1|-10-(x-1) : (x=1)" +k njx-1| — 2(x—1)2+

3

x
n)l=fx2_1dx

Como grado numerador > grado denominador, dividimos:

/ | x’ -1
~% 4 X

3 3
X X

X X
=X+ - I= dx=[|x+ dx
x* -1 x* -1 fxz—l f( xz—l)

X 4 N B _A'(x—l)+B-(x+1) x=-1 = -1=-24—> [4=1/2
-l x4+l x-1 (x+1)-(x-1) x=1 — 1=2B — |B=1)2

1=f( 12 1/2)d f( 1/2)dx—%2+%ln(x+l)+%ln(x 1)+k=

x+1x1

=%-[x2+ln(x+1)+ln(x—1)]+k=%-[x2+1n(x+1)-(x—1)]+k —

— I=%-[x2+]n(x2—l)]+k

-2
0)I=f3)2€ 4dx

x_

Como grado numerador < grado denominador, factorizamos el denominador:

3x-2_ 4 B _A(x-2)+B(x+2) [x=-2 —> -8--44— |d=2
¥ -4 x+2 x-2  (x+2)(x-2) x=2 — 4=4B — |B=I

I fix_zdx_f(xiz xiz)dx — I=21n(x+2)+ln(x—2)+k
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Matemdticas Ty IT

INTEGRALES POR
PARTES

Int-7 a) f x-et dx
d) fex-(x2—2x—1)dx
g) f X’ e dx
j) flnxdx
m) fx-senxdx
D) fxz-cosxdx

x
%) f cos” x i
V) f arctg x dx

y) fsenz xdx

B) fe'zx -(2x+ 1)2 dx

b) fx2~exdx
€) fxz-e‘zxdx
h) fex-senxdx
k) [(Inx) dx

n) | [x-cosxdx

qQ) fxz-sen2xdx

t) f arcsen x dx

w) fx~arctgxdx

In/x
Z)f N
;/)f\/;-lnxdx

dx

©) [(x~1)-¢"dxd)
D [x're™ dx

i) fex-cosxdx

) fx3 In x dx

0) fxz-senxdx
1) fxz-cos2xdx
u) farccosxdx

X) fcos(lnx)dx

a)fo-senxdx

Solucion:

U=x — du=dx

1 1
a . 4xd = - _ 4x _ 2 4xd —
)fxe ’ dv =e* dx — v=ie4x 4xe f4e ’
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, . u=x" — du=2xdx , N u=2x — du=2dx
b)fx et dx = =x"-e —f2x'e dx = =
dv=e"dx — v=e¢" dv=e"dx — v=e¢"

=x2-ex—[2x'ex —fZe"dx]=x2'eX—Zx'ex+2ex+k=ex-(x2—2x+2)+k

c)f(x—l)-exdx={u g ! x} (x=1)-€" —fe dx=(x-1)-e" -e" +k=
dv =e'dx — e’

Y=
=e"'(x—1—l)+k=eV (x 2)

u=x"-2x-1— du=(2x—2)dx} (2 5 1) N
=(x"=-2x-1)¢€" -

dv =e"dx — y=¢"

d)fex'(x2—2x—1)dx={

u=2x-2— du=2dx
—fe"'(2x—2)dx={ }=(x2—2x—l)-ex
dv=e'dc— v=e"

—[(2x—2)'e" —f2exdx] =(x2—2x—l)-ex—(2x—2)'ex+2e"+k=

=e“"(x2—2x—1—2x+2+2)+k=e“"(x2—4x+3)+k

—  du=2xdx
e 2xd_ =__2.—2x+ .—2xd=
)fx e dx o o v=—le‘2x 2x e fxe X
2
U= — du=dx 1 !
= =——x e 4| ——xe P+ [—edx| =
dv=e*dx — v= —le'“ 2 2 f2 ]
=—lx e‘z"—lx e‘z"—le'2”+k=e'2x- —lxz—lx—l +k
2 2 4
u=x’ —  du=2xdx
f)(x’ e dx= , 1 - et [xe dr=
f dv=x-e"dx — v=—5e‘x 2 f
1 > 1 . 1 .
=——xe ——e thk=——¢€" -(x2+1)+k
2 2 2
u=x’ —  du=3x"dx
g)[x’-e dx= ——x e+ (X% dx =
f dv=x’e"dx— v———e f
1 ; 3
=——x e ——e + (x3+1
3 3
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=senx — du=cosxdx . ;
=e ~senx—fe “COSX =

h)fe"-senxdx={

{u =cosx — du=-senxdx

dv=e"dx — v=e'

dv=e'dx — v=e'

=e’”-(senx—cosx)—fex-senxdx — 2fex-senxdx=e"-(senx—cosx)+k —

}=e"-senx— [e"-cosx+fe"~senxdx] =

— f senxdx—l -(senx—cosx)+k

s u=cosx — du=-senxdx
l)fe‘ “cos xdx = i .
dv=e'dx — v=e

{u =senx — du=cosxdx

}=ex-cosx+fe"-senxdx=

i . =ex-cosx+e"-senx—fex-cosxdx=
dv=e'dx — v=e

=e'”'(cosx+senx)—fex-cosxdx — 2fe"-cosxdx=ex-(cosx+senx)+k —

— fex -cosxdx=%ex'(cosx+senx)+k

1
j)flnxdx= u=lnx - du=;dx =x-1nx—fdx=x‘lnx—x+k=x-(lnx—l)+k
dv =dx — y=x
=Inx — du =—dx
k)f(lnx)2 dx = Det apdo. o =x-(lnx—l)-lnx—
dv=Inxdx [rdrmrlinay) V= x-(lnx—l)

—f/-(lnx—l)-idx=x-(lnx—l)-lnx—f(lnx—l)dx=x'(lnx—l)-lnx—

£

—[x-(lnx—l)—x]+k=x-(1nx—1)2+x+k

=Inx — du=ldx | | |
3‘ = X = — 4' - | — /3'— =
l)fx In x dx 3 L, i In x f4x }édx
dv=x"dx - y=—X

4

—lx lnx——fx dx==lx lnx—lx—+k=—x xlnx—l +k
4 4 4 4 4

U=x — du=dx
=—x-cosx+fcosxdx=—x-cosx+senx+k

dv=senxdx — v=-cosx

m)fx~senxdx={

sirzunzu@gmail.com

Thigo Zunzunegui Monterrubio 27 de 33



Matemdticas Ty IT

INTEGRALES. CALCULO DE PRIMITIVAS.

U=Xx — du=dx

n)fx-cosxdx= =x-senx—fsenxdx=x-senx+cosx+k
dv=cosxdx — v=senx

2
o)fxz-senxdx= Hes e =—x2cosx+f2xcosxdx=
dv=senxdx — VvV=-COSx
u=2x —  du=2dx
={ }=—x2cosx+[2xsenx—f2senxdx]=
dv=cosx — y=senx

=-x’cosx+2xsenx+2cosx+k

2
= — du=2xd
u=x U= x}=x2~senx—f2x-senxdx=

2

x°-cosxdx =

cosxd.
V= xdx V= X
dv=cosxdx — sen

u=2x — du=2dx 5
= =x"-senx— [—Zx-cosx +f2cosxdx] =
dv=senxdx — v=-coSx

X’ senx +2x-cosx—2senx+k

u=x’ —  du=2xdx

q) [x*-sen2xdx = 1 =——x"-cos2x+ [x-cos2xdx =
f dv=sen2xdx — v=—5c0s2x f

— du=dx
1 =——x"-cos2x +
dv =cos2x —- V= Esen 2x

+ lx-sen2x —flsen2xdx = —lx2 -cost+lx-sen2x+lCOSZx+k
2 2 2 2 4

u=x* —  du=2xdx
r)fxz-cos2xdx= 1 =—x2-sen2x—fx-sen2xdx=
dv=cos2xdx — v=5sen2x

U=x — du=dx
=—x"-sen2x -

1
dv =sen2x — v=—5cos2x

1 1 1 1 1
——x-cost+f—cos2xdx =—x"-sen2x+—x-cos2x ——sen2x +k
2 2 2 4

(\S]

) y p u=x — du=dx
s iy = (x-sec’ xdx =
fcos X f dv=sec’xdx — v=tgx

dx =x-tgx+In(cosx)+k

}—x tg x — ftgxdx—

- tgX_J<COS)C

sirzunzu@gmail.com
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dx
u=arcsenx — du=
t)farcsenxdx= 1-x2 =x-arcsenx—f

dv =dx — y=Xx

X

1-x?

(1 -x° )1/2

dx =

1 _
=x-arcsenx+—f—2x'(1—x2) 1/zaix=x~arcsenx+ .
2

12
=x-arcsenx+(1—x2) +k==x-arcsenx++1-x>+k

dx
u=arccosx — du=- X
u)farccosxdx= 1-x2 =x-arccosx+f dx =
1-x?
dv =dx — y=Xx
1/2
1 } 1-x°
=x'arccosx——f—2x-(1—x2)l/zdx=x-arccosx—g-!+k=
2 v
=x-arccosx—(l—x2)l/2+k==x-arccosx—\/l—x2+k
u =arctg x — du= dx
V)farctgxdx= 8 1+ x2 =x-arctgx—f xzdx=
1+x
dv =dx — y=x
1 2x 1
= x-arctg x — — dx=x-arctgx——In(1+x* |+ k
g 2f1+x2 8 2 ( )
u = arctg x — du=1dx2 5 ! 5
+Xx X X
w) [ x-arctg xdx = =—-arctgx — — dx =
)f 8 x* 2 8 2f1+x2
dv=xdx - y=—

x* 1 x’ 1 dx

- =1- =—-arctgx——-| [dx -
{1+x2 1+x2} 2 8 2 [f f1+x2
_xz X 1 1+x2
=—-arctgx——+—arctgx + k =
2 2 2

X
arctgx + —+ k
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1
x)fcos(lnx)dx= u=cos(1nx) - du=—;sen(lnx)dx =x-cos(1nx)+

dV=dx —_— v=X
1
+f -sen (In x)dx = u=sen(Inx) — du=;cos(lnx)dx _
/
dV=dx — v=X

=x-cos(lnx)+x-sen(lnx)—f%-f-cos(lnx)dx+k —

— [=x- [cos(lnx)+sen(lnx)] +k-1—2[=x- [cos(lnx)+sen(lnx)] +k —

- = g [cos(lnx)+sen(lnx)]+k
2
= — du=2 . d
y)fsenzxdx={:l se;n * H=osenaeosy x}=x-sen2x—f2xsenx-cosxdx=
v = dx - y=x
sen2x}senx~cosx u=x — dl/l = dx
==== x-senzx—fx-sen2xdx= 1 =

dv=sen2xdx — v= —Ecos2x

=x-sen’ x — —fcos2x+lfcos2xdx =x'sen2x+20052x—lsen2x+k=
2 2 4

442443

sen” x+cos? x=1

1 1 1
=x- sen2x+—(c0s2x—sen2x) _—sen2x+k =2 sen2x+coszx)——sen2x+k
2 4 2 4
1
f——sen2x+k
4

u=senx — du=cosxdx 5
=—senx-cosx+fcos xdx =

2
sen” xdx =
y)f {dv=senxdx — VY=-COSX

cosz}l sen” x

==== —senx- cosx+f( —sen x)dx——senx COSX + X — fsen xdx —

— [=-senx-cosx+x—-/ — 2[/=-senx-cosx+x —
Hemos retocado el resultado final de ambas ecuagignes para demostrar que estamos ante

la misma solucion h:?megcloég de Ynau Qtifa anerd Esta 1n1(egr111 tan&blen esta resuelta

en el apartado de “Integrales trlgonometr@as por un tercerzne‘zpdo
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b

2/x 1

1 =1 — du-= dx=—d

z)fri/{;dxau aVx ! Jx r x>=§\/x3'lnx/_—
X

dv=\/;dx — v=§ x3=§x\/;

AN e S e Ve SV e ke
_2 x3-(1n\/_-l)+k
3 3

u=2" — du=2"-In2dx

dv=senxdx — Vv=-COSx

a)f2x'senxdx={ }=—2"-cosx+f2"-ln2-cosx=

_ u=2" — du=2"'In2dx
dv=cosxdx — v=senx

}=—2x-cosx+ln2-[2x-senx—f2x-ln2-senx] =

=2X-(1n2-senx—cosx)—(ln2)2-f2"-senxdx —
— [1+(ln2)2]-f2x-senxdx=2x-(ln2-senx—cosx) —

. 2"(In2-sen x —cosx)
— f2 -sen x dx = - +k
1+(ln2)

u=(2x+1)2 — du=4-(2x+1)
B)fe-2*-(2x+1)2dx=

N =—Ee‘2x-(2x+l)2+

dv=e*dx — v=——c¢
2

u=(2x+1) — du=2 }
-2x

1 —2X. . —
+f5e 4(2x+1)dx—{dv=2e_2de e

= —%e'z)‘ '(2x+1)2 —2e -(2x+1)+f2e'2" dx =
=—%e’2x'(2x+1)2 —Ze_2x'(2x+1)—e_2"+k=e'2)"(—2x2 —2x—%—2x—1—1 +k=

=e"2"'(—2x2—4x—§)+k
2
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u=Inx — du=

1
x =2x&-lnx—f2}(\/;'i
24/x° _2x\/; 3 3£
3 3

_ Zx‘/;-lnx-fz‘f gy - 20

3

y)f\/;-lnxdx=

dx =
dv=\/;dx — y=

‘Inx
3 3 3 3

—z'zx&+k=2x&-(ln 2)+k

Thigo Zunzunegui Monterrubio 32 de 33 sirzunzu@gmail.com




INTEGRALES. CALCULO DE PRIMITIVAS. Matemdticas Iy IT

Zzzz falta por mirar del 1 al 24 de SM de segundo de bachillerato
Falta por meter las del libro rojo de SM de 2° de Bachillerato

Zzz seguir metiendo en el n° 23 e) de la pagina 351 del libro de Anaya
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